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1 Introduction

Since the beginning of the AIDS epidemic, epidemiologists have sought to understand
biological and behavioral factors influencing transmission of the Human Immunod-
eficiency Virus (HIV) from infected to susceptible individuals. Knowledge of these
factors is critical in understanding the mechanisms of transmission and in developing
methods to control and forecast the spread of HIV. In addition to identifying risk fac-
tors, epidemiological investigations seek to quantify the risk of virus transmission as-
sociated with these factors. Of particular interest are transmission probabilities (proba-
bility of virus transmission given that exposure has occurred) and the per-contact trans-
mission risk orinfectivity.

A major difficulty in epidemiological studies of sexual transmission is linking ob-
served behavioral and biological data to transmission risk. This is mainly due to the fact
that data come almost exclusively from cross-sectional samples of previously infected
and uninfected individuals - all information on sexual behavior must be retrospectively
ascertained. In assessing transmission risk, infected individuals are compared to the
uninfected with respect to potential risk factors. For factors such as frequency and
type of contact, it is often impossible to know whether or not reported behaviors truly
represent exposure (i.e. unprotected contact with an infected person). Further, when
multiple partners are reported, it is difficult or impossible to verify whether they were
infected or not. Consequently, estimated quantities such as transmission probabilities,
infectivity and measures of association are either indeterminate, or are subject to sub-
stantial bias.

Partner studiesof sexual transmission are designed to avoid some of these difficul-
ties by limiting enrollment to monogamous partnerships with a clearly defined primary
infected person, often termed theindex case. Exposure is therefore clearly defined as
contact with a known infected person, and estimates of the frequency of exposure are
readily obtained via interview. Despite these advantages, many problems with data in-
terpretation remain. In particular, if the time of index case infection is unknown, the
length of exposure cannot be accurately determined.

The major objective of this chapter is to provide a framework for assessing validity
of conclusions drawn from epidemiological studies of HIV transmission. Section 2
contains a brief description of the basic design features of partner studies of HIV trans-
mission, Section 3 reviews recently developed techniques for the analysis of partner
study data [1, 2], and Section 4 provides quantitative descriptions of several sources
of bias which arise in the analysis of such data. The results are applied to data from
the California Partners’ Study and the CDC Transfusion study of heterosexual trans-
mission in Section 5. The major analytical results indicate that statistical interpretation
of partner study data is hampered by a number of factors, including biased selection
of partnerships, measurement error in exposure data and unobserved variables related
to infectiousness and/or susceptibility. These factors introduce bias into estimates of
transmission probabilities and regression coefficients, and can lead to incorrect infer-
ences regarding risks of heterosexual HIV transmission. Analyses of example datasets
indicate that although the assumption of constant infectivity appears to be false, poten-
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tial bias due to the factors listed above precludes obtaining any detailed information
about the shape or scale of the infectivity from partner study data.

2 Data from Partner Studies

This section introduces design issues and data collection schemes for partner studies.
A fuller treatment of these issues is provided in [3] and [4].

A partner study consists of a number of partnerships, each made up of a primary
infected partner orindex case, and a secondary partner (also referred to as thepartner)
who may or may not be infected at the time the couple is recruited for study. Eligibility
requirements include verification that the primary partner was infected first, and that
the only source of exposure to HIV for the secondary partner is through sexual contact
with the primary partner. On recruitment, data on the partnership is collected, including
frequency and type of sexual contacts, length of exposure of the partner to the index
case, time of infection of the index case (if known) and current serostatus of the part-
ner. Acontactwill be defined here to be a single act of unprotected sexual intercourse;
exposurerefers to the contact history of a particular partnership, and includes the fre-
quency of contacts, and the length of time over which the contacts occurred following
infection of the index case. The primary random variables summarizing exposure are
defined symbolically below:

Y =

(
1 ifbothpartnersare infectedatrecruitment

0 ifonlyonepartner is infectedatrecruitment;

V = timebetweenindexcaseinfectionandpartner infection(unobserved);

T = lengthofexposure interval;

M = rateofcontactsoccurring inexposure interval;

K = numberofexposedcontacts(K = M�T) :

These variables are shown graphically in Figure 1. Contacts are routinely measured
as a rateM per unit time of exposure. Because the data are collected retrospectively,
this rate is usually assumed to be constant. As indicated in the definitions above, con-
tact counts can be estimated from the rates and corresponding exposure durations by
multiplication.

A major goal in statistical analysis of such data is to understand how transmission
probabilities and infectivity depend on exposure. If transmission risk varies with du-
ration and degree of exposure, then these factors need to be accounted for in assessing
the effects of other risk factors. Of particular interest are characteristics of the length of
timeV between infection of the index case and transmission to the partner. In survival
analysis terminology this can be regarded as a ”failure” or survival time, and features
of its distribution such as the probability of transmission given a fixed duration of expo-
sure (the transmission probability) and the ”instantaneous” probability of transmission
in a very small time interval (the infectivity) of exposure provide key measures linking
exposure to transmission risk.
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(a)  Partnership formed after the infection of the index case
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(b)  Partnership formed before the infection of the index case
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Figure 1.  Illustration of exposure data collected in retrospective partner studies. The upper
diagram (a) displays data from a short term partnership, in which contact begins after the
infection of the index case. Data from a long term partnership, in which contact begins
before the infection of the index case, is displayed below (b).

V

time  of
partner
infection
(unobserved)

X X X

contacts occur
with rate µ

beginning
of contact

time of infection
of index case

time  of
recruitment

T

V

time  of
partner
infection
(unobserved)

Figure 1 makes it clear that due to the retrospective nature of data collection,V is
never actually observed in partner study data. However, observations of the infection
statusY and exposure durationT at recruitment provide information aboutV which
can be used to investigate properties ofV indirectly. Figure 1 illustrates two basic
types of partnerships with regard to exposure history:long-termpartnerships, in which
the partnership is known to have started prior to infection of the index case, andshort-
termpartnerships, in which the partnership is known to have started after infection of
the index case. The figure shows clearly that if the time of infection of the index case
is completely unknown, then accurate quantification of exposure duration and intensity
are impossible. For short-term partnerships, all contacts can be considered potentially
exposed, while for long-term partnerships, only those contacts occurring after index
case infection carry transmission risk. Frequently it is only possible to determine that
the index case was infected within a broad interval, possibly extending back to the
beginning of the epidemic. In such cases, precise knowledge of the duration and degree
of exposure is impossible and the beginning of exposed contact must be estimated.
For long-term partnerships this is somewhat easier, since in many cases contact was
known to have started before the earliest possible date of index case infection. For
this reason, and to simplify the presentation of ideas, the remainder of the chapter will
focus primarily on long-term partnerships.
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3 Statistical Methods

This section reviews methods for statistical analysis of partner study data. The devel-
opment is primarily based on references [1] and [2].

3.1 Transmission Models

Unlike diseases with completely unknown etiologies, the agents of sexually transmitted
diseases such as AIDS are often known and the mechanisms of transmission somewhat
understood. Thus, even a greatly oversimplified mathematical description of trans-
mission can capture essential elements of the transmission process and provide useful
insights into factors influencing disease spread. For this reason, epidemiologists often
rely on simple models of transmission to assist in understanding the relative importance
of factors influencing exposure, infectiousness and susceptibility.

3.1.1 The Constant Infectivity Model

The simplest model for sexual transmission of HIV is based on the probability that a
susceptible individual is infected following a specified number of contacts with an in-
fected person. Recalling the notation from the previous section, suppose theith partner
of a sample ofn partnerships is exposed to the index case forti time units following
the latter’s infection, and that contacts occurred at constant rateµi during this period.
Here,ti andµi refer to the observed values of the random variablesTi andMi , respec-
tively. Then, if the per-contact infection risk or infectivity isλ and contacts occur
independently, the probability that the partner escapes infection is

pr(Yi = 0 j ki) = (1�λ)ki ; (1)

whereki gives the estimated number of exposed contacts (defined above).
Jewell and Shiboski [1] develop methods for estimatingλ based on partner study

data by observing that a transformation of the above expression yields a standard gener-
alized linear regression model [5] for the binomially distributed outcomeY. Denoting
the above probability byS(ki),

log[� log S(ki)] = log[� log(1�λ)]+ log ki :

In the terminology of generalized linear models, the complementary log-log transfor-
mation is the correctlink function to produce a linear additive relationship between
transmission probability and exposure. The intercept term of this linear model depends
on the infectivity, and the ”independent” variable is logki with unit slope.

A key feature of the constant model is that it does not depend on duration of ex-
posure - transmission depends only on the number of contacts and the placement of
these in the exposure interval is ignored. Clearly if transmission risk varies with length
of exposure (e.g. transmission is more likely as the index case progresses to a more
advanced stage of disease), the model omits an important aspect of the transmission
process.
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3.1.2 Time Dependent Infectivity

To address the major limitation in the constant infectivity model raised above, Shi-
boski and Jewell [2] derived the following expression for the probability that a partner
remains infection free following an exposure interval of lengthti , with contact rate and
infectivity at timex given, respectively byµi(x) andλ(x):

S(ti jµi(x);0� x� ti) = pr(Yi = 1 j ti ;µi(x);0� x� ti)

= exp

�
�

Z ti

0
λ(x)µi(x)dx

�
:

(2)

In the language of survival analysis [6] this equation specifies asurvival function. The
transmission probability is obtained from the survival function by subtraction from
one. The associatedhazard functiongives the probability of transmission occurring in
a very short interval conditional on being uninfected at the start of the interval, and is
defined by

h(v j µi(x);0� x� ti) = lim
∆#0

1
∆

prfv�V � v+∆ jV � v;µi(x);0� x� tig

= λ(v)µi(v) :
(3)

Note that the infectivity and contact rate functions appear together in this expression,
indicating that the infectivity function cannot be separately estimated unless the contact
rate function is known. In the rest of the chapter, this hazard function will be referred
to as theinfection hazardfunction and the contact rate function will be assumed to be
well approximated by a constant for each partnership.

Model (2) rests on the assumption that contacts occur according to a non-homogeneous
Poisson process with rateµ(�). In practice, due to the retrospective nature of partner
study data, the rate of contacts is assumed to be constant, leading to the simplified
model

S(ti jµi) = exp

�
�µi

Z ti

0
λ(x)dx

�

= S0(ti)
exp(logµi) :

(4)

This specifies a proportional hazards relationship [6] for the dependence of the distri-
bution of the unobserved time of partner infectionV on the rate of contactsµ. The term
S0(ti) in (4) represents the ”baseline” probability of theith partner remaining infection
free following an exposure of lengthti , with unit contact rate. The infection hazard
function for this model can be written

h(ti j µi) = λ(ti)elogµi ;

which is clearly of the proportional hazards form.
Just as in the constant infectivity case, equation (4) can be transformed to a linear

additive form:

log [� logS(ti jµi)] = log
Z ti

0
λ(x)dx + logµi : (5)
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The intercept term in this equation is a monotone increasing function of length of ex-
posure. If no restrictions are made on the form of the infectivity functionλ(�) the
equation defines asemiparametricbinary regression model [7] and is also (due to the
monotonicity constraint on the intercept term) an example of a binary additive isotonic
regression model [8]. This additive linear form, coupled with the proportional hazards
link between exposure and outcome provides a convenient framework for estimation
and inference. In particular, additional covariates can easily be included on the right
hand side of (5).

In the case that the infectivity function is assumed to be constant (λ(x)� λ;x� 0),
this model becomes

log[� logS(ti jµi)] = logλ + logµiti ; (6)

in which S(ti jµi) is the time based analog of equation (1). Because these versions of
the constant infectivity model are almost indistinguishable for small values ofλ (i.e.
�log(1�λ)� λ for smallλ), the remainder of the chapter will focus on (6).

3.1.3 Heterogeneous Infectivity

Implicit in both the constant and time dependent infectivity models presented above
is the assumption that infectivity is a deterministic quantity shared by all partnerships.
Thus, no accommodation is made for partnership-specific variation in infectiousness
and/or susceptibility. Measured covariates can be expected to account for some of this
variation. However, due to the retrospective nature of partner study data it is unlikely
that all relevant variables can be observed. Thus, partnership heterogeneity in trans-
mission risk can be viewed as arising from the influence of unmeasured covariates.

One way to introduce such heterogeneity into these models is to assume that the
infectivity is a random quantity with known distribution (i.e. that each partnership is
allowed to have a unique infectivity). For example, assume that the individual-specific
infectivity for the ith partnership in a sample ofn, with length of exposureti is given
by λi(ti) =Wi λ(ti) , whereW is a non-negative random variable with unit expectation
and distribution functionKW(w). This is an example of amixture model[9], in which
W represents the individual heterogeneity in infectivity (i.e. the mixing variable), and
the functionλ(�) represents the average infectivity over the population. Because the
random variableW is unobserved, estimation and inference are based on the following
marginal survival function:

S(t jµ) =
Z ∞

0
exp

�
�wµ

Z t

0
λ(x)dx

�
dKW(w j t;µ) : (7)

Note that the mixing variableW in this model could also be interpreted as multiplicative
measurement error associated with the covariateµ, or as representing the multiplicative
effect on the infectivity of omitted covariates. This illustrates the close link that exists
between models for assessing the impact of uncontrolled heterogeneity, measurement
error and unobserved covariates.
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In practice, the distribution ofW is usually assumed not to depend on covariates
such ast andµ. Although this model makes a strong assumption about how hetero-
geneity impacts the infectivity, it provides a simple means of evaluating the potential
impact of heterogeneity on estimated transmission probabilities, infectivities and re-
gression coefficients. These issues will be investigated further in Section 4.1.

3.2 Estimation

Maximum likelihood-based methods can be used to obtain parameter estimates for all
transmission models considered above. This subsection covers estimation techniques
for data from partner studies consisting exclusively of long-term partnerships. Shiboski
and Jewell [2] present techniques which accommodate short-term partnerships as well.

Recall from Section 2 that the observed data for a long-term partnership consist
of the triplets(y; t;µ) - the actual timeV to partner infection is unobserved. In the
language of survival analysis, all observations ofV arecensored, either on the left for
partners observed to be infected at recruitment (y= 1), or on the right for partners who
are uninfected at this time (y = 0). Figure 1(b) illustrates the definitions. This is a
form of interval censoring, also known ascurrent status data[10], since the current
infection status of partners is the only data on transmission available at the time couples
are enrolled into a partner study.

The likelihood forn partnerships, each yielding observations of the form(yi ; ti ;µi)
is given by

n

∏
i=1

[1�S(ti jµi)]
yi S(ti jµi)

1�yi ; (8)

where the first term reflects the contribution of a partnership in which the partner has
been infected, and the second, the contribution from a partnership with an uninfected
partner. This likelihood is based only on the distribution ofV conditionalon the ob-
served values of the duration of exposuret and the contact rateµ, the joint distribution
of which is assumed to provide no additional information about the form ofS(ti jµi).

The log-likelihood associated with (8) can be minimized by substituting in the ap-
propriate expression forS(ti jµi), and applying standard iterative maximum likelihood
techniques. For the constant model (6), standard programs for generalized linear mod-
els can be used, employing binomial errors for the responseY, and the complementary
log-log link function [5]. In addition, Kaplan [11] presents an approximate, closed
form approach to estimatingλ in (6). Estimation for the general time dependent model
(5) is more difficult due to the facts that the intercept term is constrained to be mono-
tone increasing int, and that no form is assumed for the infectivity functionλ(�). More
details on estimation are provided in [2] and [4].

3.3 Inference

Statistical inferences drawn from partners study data focus on three major issues: (i)
evaluation of the hypothesis of constant infectivity, (ii) uncertainty in estimates of
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transmission probabilities and infectivity and (iii) investigation of the dependence of
transmission probabilities on risk factors, including the assessment of confounding and
interaction for multiple factors.

3.3.1 Evaluating the Constant Infectivity Assumption

Recent biological evidence on shedding of HIV in infected persons indicates that infec-
tiousness may vary with disease stage, with periods of increased infectiousness coming
early and again late in the course of infection [12]. In addition, susceptibility may vary
during the course of a partnership. These factors may lead to a systematic change in
infectivity on the time scale measured from time of infection of the index case, and
invalidate the assumption of constant infectivity. This assumption is central to many
mathematical models which have been developed to predict the spread of HIV, and is
implicit in many analyses of epidemiological data on heterosexual HIV transmission.
Thus, evaluation of the validity of this assumption is an important step in data analysis.

As shown in [1], a preliminary assessment of the fit of the constant infectivity model
can be made by fitting the following version of (6):

log[� logS(t jµ)] = θ + γ logµt : (9)

An estimated coefficient̂γ < 1 may indicate a systematic departure from constant in-
fectivity which may be due to one or more of the following factors: time dependence
in the infectivity function or contact rates, heterogeneity of infectivity across partner-
ships, measurement error in exposure information and biased selection of partnerships
in the sample. (Although attenuation of regression coefficients from their true values is
the most common effect of these factors, in Section 4 it will be shown that under certain
conditions they may also lead to inflation of coefficient estimates.) Settingθ = logλγ

in (9), the infection hazard function associated with the survival function defined in
that equation can be written:

h(t j µ) =�
d
dt

log S(t j µ) = γλelogµ(λelogµt)γ�1 ;

which is a hazard function for the Weibull distribution provided thatγ is positive [6].
Forµ= 1, this equation gives a representation for the transmission risk associated with
a single contact (i.e. the infectivity). Forγ = 1, it reduces to (6). However, the link
between the covariate logµ and time in the above infection hazard function is not of
the proportional hazards form specified in (5) and (6). Thus, an observed improvement
in fit of (9) over (6) is an indication that the proportional hazards assumption may not
hold. Results in Section 4 show that this lack of fit may be symptomatic of a number of
factors (mentioned above) other than time dependence, all of which lead to observed
departures from constant infectivity.

A more general approach to evaluating time dependence involves fitting model (5),
which makes no parametric assumptions about the form of the infectivity, and compar-
ing the fit to (6). Because the estimates of the infectivity function in (5) are nonparamet-
ric, measures of uncertainty and associated inference procedures are not well developed
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(Groeneboom and Wellner [13] provide details about what is currently known). Simu-
lation tests or bootstrap procedures must therefore be used to evaluate the improvement
in fit over the constant model. Lack of fit of (5) can be assessed using the same means
proposed for the constant model - by fitting a model analogous to (9)

log[� logS(t jµ)] = log
Z t

0
λ(x)dx+ γ logµ ; (10)

and looking for attenuation in̂γ. As before, an estimated coefficientγ̂ < 1 calls into
question the postulated form of the model (5), and may indicate uncontrolled hetero-
geneity of infectivity across partnerships, measurement error in exposure information
and biased selection of partnerships in the sample. In addition to their use in inves-
tigating departures from constant infectivity, the nonparametric estimates are useful
in suggesting possible parametric forms for the infectivity which, if suitable, may be
supported by conventional inference for parametric models.

Section 4 identifies several potential sources of bias in partner study data, and inves-
tigates their effects on estimates of transmission probabilities, regression coefficients
and infectivity. In addition, some simple procedures for detecting the presence of bias
are proposed.

3.3.2 Investigating Covariate Effects

The influence of additional covariates on transmission risk can easily be investigated
in the models introduced above. For example, model (5) (or (10)) can be extended to
incorporate a vector of covariatesz, with associated parameter vectorβ as follows:

log[� logS(t jµ;z)] = log
Z t

0
λ(x)dx+ logµ+ βTz : (11)

Standard methods of inference from generalized linear models [5] can then be applied
to address questions on the relationship of transmission risk to additional covariates,
and the issues of confounding and interaction.

4 Sources of Bias in Partner Study Data

This section investigates bias which can arise in analyses of partner study data. Al-
though the sources of bias discussed are not unique to partner studies, they can be
particularly severe for such studies due to the retrospective nature of data collection,
uncertainty about key exposure events, and to the difficulties associated with recruit-
ment discussed in Section 2. The discussion here focuses on assessing bias in the
framework of the time-dependent infectivity model (5), and quantitative assessment
of the effect of various sources of bias on estimated transmission probabilities and
regression coefficients. The major goal is to provide guidance on when quantitative
conclusions drawn from partner study data can be considered reliable. Similar issues
are discussed in the context of the constant infectivity model in [1] and [4]. In addition
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to influencing parameter estimates, the sources of bias discussed here can also affect
estimates of the variances associated with the estimates. This topic is not covered in
this chapter.

4.1 Neglected Heterogeneity of Infectivity

As discussed in Section 3.1.3, the assumption of a deterministic infectivity function
common to all partnerships made in models (5) and (6) may be overly restrictive in
view of recent biological and epidemiological evidence that infectiousness may vary
with disease stage of the index case. Given the limitations inherent in available partner
study data, the goal of accurately modeling and estimating a random infectivity is unre-
alistic. This raises the question of whether simple (deterministic) transmission models
can still be used to investigate the effects of measured risk factors in the presence of un-
controlled heterogeneity, and about the nature of the bias in infectivities estimated from
such models. Jewell and Shiboski [1] evaluated the impact of neglected heterogeneity
of infectivity on estimated regression coefficients in the context of the constant infec-
tivity model (1). Their results indicate that fitting such a model when the underlying
infectivity is random leads to attenuated estimates of regression coefficients. The mag-
nitude of this attenuation was calculated for the case where the (constant) infectivity
varied between partnerships according to a beta distribution. They also showed that the
estimated (constant) infectivity was an overestimate of the median of the distribution
of the true random infectivity. Shiboski and Jewell [2] speculated that similar results
would hold for the time-dependent infectivity model (5). Here, the random infectivity
model introduced in Section 3.1.3 is used to investigate these issues further.

A number of authors have investigated the impact of individual heterogeneity on es-
timation and inference in survival analysis [9, 14]. Their results show that the presence
of heterogeneity leads to distortions in estimated hazard functions, survival probabili-
ties and regression coefficients. If heterogeneity is assumed to be introduced into the
infectivity function via the multiplicative form introduced in Section 3.1.3, then these
results can be used to quantify these forms of bias in the context of the transmission
models considered here. Recall from Section 3.1.3 thatS(t jµ) denotes the marginal
survival function corresponding to observed data from a partnership with exposure of
durationt and with contact rateµ, where the true survival function depends on the
unobserved variable random variableW. Define

h(t jµ) =�
d
dt

logS(t jµ) ;

the associated marginal infection hazard function. It is shown in Appendix A.1 that

h(t jµ) = µλ(t)C ; (12)

whereC is a constant depending ont, and that

d
dt

log h(t jµ) <
d
dt

log µλ(t) : (13)
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These results indicate that, given the multiplicative model for heterogeneity and that
contact rates are constant, that the infectivity estimated if heterogeneity is ignored dif-
fers in scale and rate of decline from the average infectivityλ(t). Thus, both scale and
shape of the estimated infectivity are distorted due to neglected heterogeneity. For ex-
ample, assume that the underlying infectivity is constant and thatW follows a gamma
distribution with unit expectation and squared coefficient of variationδ. In this case,

h(t j µ) = λµ
�
[1+δµλt] ;δ � 0 :

This equation shows that for fixed contact rateµ, the estimated infection hazard will
appear to vary in time and will be smaller than the average infection hazard, with
the discrepancy increasing with both length of exposure and degree of variability in
the distribution ofW. Figure 2 illustrates this phenomenon for different values ofδ
assuming thatµ= 1.
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Figure 2.  Mean infectivity (solid line) and marginal infectivity function (dashed
lines) from gamma mixing model for two choices of the squared coefficient of
variation δ.

In practice, a preliminary assessment of the presence of uncontrolled heterogeneity
of infectivity can be obtained from fitting the the time dependent models (9) or (10).
As discussed above, an estimated coefficientγ̂ < 1 may indicate the presence of such
heterogeneity. Similarly, if additional covariates are present in the model (e.g. (11)),
the associated coefficients will be attenuated as well. If heterogeneity is introduced
according to the multiplicative model (7) and the distribution of the mixing random
variableW is assumed to be independent ofµ andt, the attenuation in regression coef-
ficients such aŝγ can be explicitly calculated, and is shown in Appendix A.1 (equation
(22) to have the form �

1�

�Z t

0
µλ(s)ds

�
Var[W jV � t]
E[W jV � t]

�
:
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Taking models (9) or (10) as an example, the estimated regression coefficientγ̂ in the
presence of heterogeneity is strictly less than the true value ofγ = 1 in (5) (or (6)).
Figure 3 illustrates this phenomenon for the special case of the constant infectivity
model (9), assuming thatW follows a gamma distribution. Note that the multiplicative
factor which describes the attenuation depends on the underlying infectivity and the
duration of exposure, as well as the conditional distribution of the random variable
W among the individuals who have escaped infection up to timet. Thus, when the
data are affected by uncontrolled heterogeneity, the proportional hazards assumption
implicit in transmission models (9) and (10)will not hold. Further, if the distribution of
W depends on covariates such asµ and/or the duration of exposuret as specified in (7),
then the relationship between the estimated coefficientγ̂ from models (9) and (10) may
differ in both sign and magnitude from the true value of unity (see Appendix A.1). In
this case reliable inferences about the influence of covariates on transmission risk are
impossible.
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Figure 3.  Attenuation in estimated value of coefficient γ obtained from fitting
model (9) when the gamma mixing model applies, plotted as a function of the
squared coefficient of variation δ from the mixing distribution and three values
of the underlying infectivity λ.

A number of factors other than heterogeneity may result in an estimated coefficient
γ̂ < 1 for models (9) and (10). Thus, a more direct approach to investigating hetero-
geneity is to fit parametric versions of the mixture model introduced in Section 3.1.3.
However, partner studies often have very small sample sizes with observations limited
to one per partnership. Such data often lead to unstable or indeterminate estimates of
mixing distribution parameters. An alternative to fitting specific mixture models is to
construct tests to detect whether the observed data areoverdispersedrelative to the as-
sumed (binomial) distribution for the data. Cox [15] proposed a method for testing for
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overdispersion which involves forming an approximation to the distribution generating
the data, assuming that the degree of overdispersion is small. Lancaster [16] applied
Cox’s ideas to mixture models of the form introduced in Section 3.1.3. In the present
context, this procedure involves assuming that the data arise from a mixture model of
the form presented in Section 3.1.3, with conditional survival function

S(t j µ;W) = exp

�
�W

Z t

0
µλ(x)dx

�
;

whereW is the mixing random variable with unit expectation and varianceσ2. As
shown in Appendix A.2, expanding this function in a second order Taylor series about
σ2 = 0, and taking the expectation with respect toW leads to the following approxima-
tion to the marginal survival function:

S(t j µ)� exp[�M(t)]

�
1+

σ2

2
[M(t)]2

�
;

whereM(t) =
R t

0 µλ(x)dx. Whenσ2 =0, corresponding to the absence of heterogeneity,
this equation reduces to model (4). This suggests that a test of the hypothesis that
σ2 = 0 will provide a means of detecting overdispersion in the data without assuming
a form for the distribution of the mixing variableW. If parametric assumptions are
made about the infectivity (e.g. constant) standard likelihood methods can be used to
construct a test statistic with known distributional properties. Details of a score test
statistic for this hypothesis are provided in Appendix A.2.

4.2 Biased Recruitment of Partnerships

For reasons given in Section 2, few partnerships meet the strict eligibility requirements
for partner studies. In most cases, couples are enrolled on a volunteer basis, or recruit-
ment is targeted at known high-risk populations. Consequently, the representativeness
of a sample of partnerships is often in doubt.Selection biasarises in a partner study
when the probability of enrolling a partnership in which transmission has occurred
differs from the analogous probability for partnerships with uninfected partners. For
example, in studies which recruit volunteers, couples with infected partners who are
aware of their serostatus may be more likely to enroll than couples in which partners
are ignorant of their serostatus. Studies where recruitment is based on identifying in-
dex cases by AIDS diagnoses provide another example. In these studies, only index
cases who have developed AIDS in the enrollment period will be recruited. These cases
will usually represent only a subset of potential AIDS cases, and may be distinguished
by shorter incubation periods, particular clinical manifestations, or other factors which
depend on the chronological placement of the enrollment period. If these characteris-
tics (e.g short incubation length) are in turn related to HIV transmission probability, a
biased sample will clearly result from this form of partnership selection.

The impact of selection bias on estimated coefficients from binary regression mod-
els has been examined extensively for the logistic model. It is well known [5] that un-
equal selection probabilities under retrospective sampling do not influence regression
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coefficient estimates for covariates in this model, provided that selection probabilities
themselves do not depend on the covariates. This is not true for binary regression mod-
els in which the response probabilities are linked to the covariates with functions other
than the logit, such as the complementary log-log link function. All the transmission
models (e.g (5), (6), (9) and (10)) considered here are based on this link function, which
implies that estimates of both the intercept term and regression coefficients will be bi-
ased in the presence of differential selection probabilities. It follows that estimates of
transmission probabilities and the infectivity will also be biased.

For the time dependent infectivity model (5), it is shown in Appendix B that under
selection bias, the estimated probability of a partner being observed to be uninfected
following t units of exposure (denotedS�(t j µ)) has the following relationship to the
true survival functionS(t j µ):

S�(t j µ) =
α(t;µ)S(t j µ)

1�S(t j µ)+α(t;µ)S(t j µ)
: (14)

The termα(t;µ) represents the ratio of the probability of selecting a partnership with an
uninfected partner to the probability of selecting a partnership with an infected partner.
In the general case, these probabilities can depend on both duration of exposuret and
on covariates such as the contact rateµ. Examination of (14) shows that when selection
bias is operating (i.e. whenα(t;µ) 6= 1) , the estimated proportion of partners escap-
ing infection may be underestimated or overestimated, depending on whether partner-
ships with infected partners are overselected (α(t;µ)< 1) or underselected (α(t;µ)> 1)
relative to partnerships with uninfected partners. This can be seen more clearly by
assuming thatα(t;µ) � α, and examining the relationship between the infection haz-
ard functionh�(t j µ) associated withS�(t j µ) and the ”true” infection hazard function
µλ(t) associated withS(t j µ) in (5). From Appendix B:

h�(t j µ) = λ(t)
�

µ
1�S(t j µ)(1�α)

�
: (15)

Thus, for fixed contact rateµ the estimated hazard under selection bias is proportional
to the underlying infectivity but is distorted to appear larger or smaller depending on
whetherα > 1 or α < 1, respectively. Forα = 1 , h�(t j µ) andµλ(t) coincide. This
relationship is illustrated in Figure 4 for the case of constant infectivityλ = 0:01, and
for two choices ofα. The figure and equations (14) and (15) also illustrate that the
assumption of proportional hazards no longer holds when the data are subject to se-
lection bias. From the figure, the estimated infection hazard when partnerships with
infected partners are twice as likely to be selected as partnerships with uninfected part-
ners (α = 1=2) is distorted to appear twice as large initially, with the discrepancy with
the true infectivity decreasing with longer duration of exposure.
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Figure 4.  Infection hazards when partnerships with infected partners are overselected
by a factor of two (α=1/2) relative to partnerships with uninfected partners (top curve),
and when the reverse selection frequency holds (bottom curve).  Calculated using
equation (15) assuming that the true infectivity is constant (λ=0.01) (middle line).

The impact of selection bias on the coefficientγ for the log contact rate logµ in
model (9) in the case where both infectivity and the ratio of selection probabilities are
constant (and for fixedµ andt) is illustrated in Figure 5. (Appendix B gives details on
the calculation of this bias.) Recall that when the true transmission model is given by
(5) thenγ = 1. It is clear from Figure 5 that selection bias can either attenuate or inflate
the valuêγ, depending on whetherα< 1 orα> 1. As discussed at the beginning of this
section, the situation whereα < 1, corresponding to higher selection probabilities for
partnerships with infected partners is more likely to occur in practice. Thus, we would
expect selection bias to result in attenuation of regression coefficients. Notice however,
from Figure 5 that this attenuation should never be enough to change the sign of an
estimated coefficient, even if selection probabilities are extremely discrepant. (This
observation is verified in Appendix B.)

There are plausible reasons to expect that selection probabilities will depend on
both duration of exposure and on other covariates describing exposure of partner to
index case. A simple example of how this might arise is the case where couples with
infected partnersandshorter exposure are oversampled. This may occur in situations
where couples with shorter exposure times (e.g. short-term monogamous relationships)
have different reasons for enrolling into a study couples with longer exposure durations.
For example, short-term partnerships may be more likely to enroll if partners who have
been infected already know their serostatus. Even if the true infectivity is constant,
this selection process will lead to the mistaken impression that the infection hazard is
time dependent. In addition, as shown in Appendix B, estimated regression coefficients
in transmission models such as (10) or (11) can actually differ in sign with their true
values. This may lead to the mistaken impression that a covariate is associated with



Statistical Analysis of HIV Transmission Data 17

decreased transmission risk when the opposite is true. (Note that this will occur even
if more conventional techniques such as logistic regression are applied.)
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Figure 5.  Attenuation in the estimated value of the regression parameter γ from model
(9) due to biased selection of partnerships, shown as a function of the infectivity λ and
the parameter α describing the degree of selection bias.  The small dashed line
represents no selection bias.

4.3 Measurement Error in Exposure Information

As discussed in Section 2, in most partner studies there will be concern over the accu-
racy of measurement of the exposure variablest andµ. Errors may arise because these
variables are retrospectively ascertained, or in situations where the infection date of the
index case is unknown.

Uncertainty about the date of index case infection corresponds to uncertainty about
the duration of exposuret, and therefore about the contact rateµ applying to this pe-
riod as well. This is illustrated in Figure 1. If a partnership has existed for a substantial
period of time (Figure 1(b)), it may be reasonable to assume that the index case infec-
tion occurred after partnership formation. However, if the location of this event within
the interval between the start of the relationship and recruitment into the study is un-
known, the duration of exposuret is also known only to be of no greater length than
this interval. For partnerships of relatively brief duration (Figure 1(a)), unless it can
be established that the index case was infected before initiation of contact (or unless
the partnership is mutually monogamous), exposure information is also subject to mea-
surement error. Thus, distinguishing between the two basic data structures pictured in
Figure 1 may be difficult in practice. One common method for controlling for unknown
time of index case infection is to impute this time as the earliest possible date infection
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could have occurred, using knowledge about the development of the AIDS epidemic in
the region. (For example, in San Francisco no infections were reported prior to 1978.)
This procedure will lead to systematic overestimation of the duration of exposure for
long-term partnerships (Figure 1(b)), and to dislocation of the exposure interval relative
to the true time of index case infection in short-term partnerships (Figure 1(a)).

Even in cases where the index infection dates are known (e.g. transfusion associ-
ated infections), error in estimated contact rates (µ) can be expected; partnerships may
alter their contact pattern in response to a number of factors, including knowledge of
the HIV status and disease stage of the index case. Many partner studies attempt to
control this by obtaining estimated rates before and after the partner became aware of
the infection in the index case.

Statistical approaches to investigating the impact of measurement error usually are
based on the assumption that errors are random rather than systematic. Jewell and
Shiboski [1, 4] present an approach for assessing the impact of random measurement
error in contact rates and counts on regression parameter estimates from the constant
infectivity model. The remainder of this section deals with systematic measurement
error introduced into the duration of exposuret via lack of knowledge of the date of
index case infection, as introduced above.

4.3.1 Measurement Error in Duration of Exposure

As discussed at the beginning of this section, frequently no reliable date of infection
is available for index cases in a retrospective partner study, and it is known only to
lie in a broad interval (e.g. between the beginning of the epidemic and the time of
enrollment). One common method for addressing this problem involves assuming that
any contacts occurring within this interval are potentially exposed, which is equivalent
to assuming that all index cases were infected at the beginning of the interval. Using
notation introduced in Sections 2 and 3 and below, Figure 6 illustrates this situation for
a long-term partnership. Define

A= firstpossiblechronologicaltimeof indexcaseinfection;

B= chronologicaltimeofrecruitment;

I = chronologicaltimeof indexcaseinfection(unobserved);

J = chronologicaltimeofpartner infection(unobserved);

T = assumeddurationofexposure(T = B�A) :

For long-term partnerships in which contact began before the imputed timeA, Figure
6 indicates clearly that the estimated duration of exposureT is an overestimate of the
actual durationB� I . Thus, basing inferences about properties of the distribution of the
true timeV between index case infection and partner infection onT rather thanB� I
can be expected to lead to biased estimates of transmission probabilities, infectivity
and regression coefficients. The rest of this section investigates the impact of this bias
on estimation of the infectivity and regression coefficients using the methods described
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in Section 3. Although similar issues apply to the case of short-term partnerships, the
discussion is limited to long-term partnerships.

time of
infection of
index  case
(unobserved)

data  collected
and HIV status
of  the partner
determined

T

X X X

contactsassumed
time of first
exposure

V

 time of infection of
partner (unobserved)

A BI J

X

Figure 6.  Illustration of  exposure data from a long-term partnership for which the
chronological time I of index case infection is unknown, and is estimated to occur at
chronological time A.  The assumed duration of exposure T is an overestimate of the
true duration  B-I.

Recently, Jewell,et al. [17] have described the conditions under which nonpara-
metric estimation of the distribution ofV is possible from data of the form described
above, and have proposed an algorithm for estimation. Currently these methods do
not provide for covariates and require some assumptions to be made about the form of
the distribution of index case infections in chronological time, so they can not be used
for infectivity estimation or for inference about the impact of risk factors on transmis-
sion. However, the results provide tools for investigating the bias issues raised in the
previous paragraph.

Following Jewell,et al. [17], letG denote the distribution of the chronological time
of infection for the index cases in a sample ofn partnerships. (Note that this distribution
may also vary between index cases due to differing knowledge about the period of
infection.) The probability that the partner is observed to be infected at chronological
time B, given only that the index case was infected sometime in the interval[A;B] is
given by the expression below:

pr(Y = 1jA;B;A� I � B) =
Z B�A

0

G(B�u)
G(B)

dF(u)

=

Z B�A

0

F(u)g(B�u)
G(B)

du

=

Z B

A

F(B�s)
G(B)

dG(s)

=

Z B

A

F[T� (s�A)]
G(B)

dG(s) ;

(16)

where the second equality follows by an integration by parts, the third by the change of
variables= B�u and the fourth from the correspondenceB= A+T. (Note thatG(A)
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is assumed to equal zero in the above derivation, corresponding to the assumption that
the index case could not have been infected beforeA.) Denote the probability defined
in (16) byF�(T). Thus, for a given assumed duration of exposuret, F�(t) gives the
probability that the partner is observed to be infected atB within t time units ofA. The
complementary probability associated withF� is given by:

S�(t) = pr(Y = 0 j A;B;A� I � B)

=

Z A+t

A
S[t� (s�A)]g(s j A+ t)ds;

(17)

whereg(s j A+ t) = g(s)=G(A+ t), the conditional distribution of the chronological
time of index case infectionI given the presumed duration of exposureT and chrono-
logical start of exposureA. Note thatS�(t) can be viewed as the survival function
associated with the time between the assumed time of index case infectionA and the
time of transmission of the virus to the partner. This time, which is denoted byV�,
is related toV by the expression:V� = V + I �A. Equation (17) elucidates the re-
lationship between the distributions ofV andV� and provides a way to evaluate the
biases which arise from analysis using the incorrect time scale. As shown below, there
are similarities with bias issues which arise in the analysis of prevalent cohort data, as
discussed by Brookmeyer and Gail [18].

First, the relationship between the induced survival functionS�(t) and the true in-
fection survival functionS(t) from (17) is addressed without considering covariate ef-
fects. (i.e. S(t) in equation (17) can be interpreted as the baseline survival function
given in equation (4) withµ� 1.) In Appendix C, it is established that in the case that
the actual time until partner infectionV follows an exponential distribution with con-
stant infectivityλ, that the probabilityS�(t) of being infection free after a duration of
exposuret measured on the incorrect scale will be systematically larger than the actual
probabilityS(t). Figure 6 makes this clear: if duration of exposure is systematically
overestimated, then transmissions will be estimated to occur later then they actually
do, giving the impression of lower transmission rates at any given time.

To investigate the impact of measurement error in exposure duration on covariate
effects in proportional hazards models, consider a single covariatez in model (11) (z
could also represent logµ in (10)). If proportional hazards is assumed to hold for data
based on the incorrect exposure durationt (i.e. model (11) is assumed to apply, when
in fact (17) is correct), then the regression coefficient associated withzcan be obtained
from the relationship

β� = log[� log S�(t j µ;z+1)]� log[� log S�(t j µ;z)] :

This equation expresses the estimated regression coefficientβ� as a function of the true
regression coefficientβ. Appendix C investigates this relationship and provides some
approximate results on the degree of bias expected in estimates of regression coeffi-
cients such asβ�. If the conditional distributiong is assumed not to depend onz, the
following results are established: (i) if β = 0 thenβ� will also be zero, and (ii ) if β 6= 0,
the value ofβ� will be attenuated fromβ, where the degree of attenuation depends on
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properties of the index case infection distributiong. As shown in the Appendix, even if
there is a large amount of uncertainty about the true time of index case infection (e.g.
this time is assumed to be uniformly distributed across the presumed exposure interval),
the attenuation inβ� will be small relative to the magnitude of attenuation observed for
uncontrolled heterogeneity in Section 4.1 (see Figure 3). Jewell and Shiboski [1] made
a similar observation regarding the relative amount of attenuation resulting from ran-
dom measurement error in contact information in the context of the constant infectivity
model (1).

Note that the conditional distributiong in (17), that describes the distribution of
index case infections in chronological time depends on the assumed duration of expo-
suret. If this distribution depends on the covariatez as well (i.e. if the time of index
case infection is influenced by covariates considered in the analysis), the effect ofz on
transmission risk as measured by the coefficientβ� will be confoundedwith effects ofz
on exposure duration. This is analogous to theonset confoundingdescribed by Brook-
meyer and Gail [18], but differs in the following ways: In the prevalent cohort problem,
the initiating event (HIV infection) is unobserved but the final event (AIDS diagnosis)
is observed. By contrast, in a retrospective partner study of long-term partnerships,
both initiating event (index case infection) and terminating event (partner infection)
are unobserved. Figure 6 illustrates that all that is known about the times of these two
events (I andJ) is that they lie in the assumed interval of exposure[A;B], and therefore
thatA�V � B. As shown by Brookmeyer and Gail [18], no reliable inferences about
effects of covariates in the framework of the proportional hazards model are possible
when this type of confounding is present. In the case of a single covariatez, this means
that the sign ofβ� may differ from the sign ofβ, causing misleading conclusions about
the effectz on transmission risk. (An example of this is provided in Appendix C.)
Stratification of analyses by variables thought to be related to index case infection time
is one method of controlling for this type of confounding. Examples of such variables
include mode of infection of the index case and geographic region.

5 Examples

In this section, some of the methods described above are applied to current data from
the California Partners’ Study (CPS) [19, 20] and to data from the CDC Transfusion
study [21] of heterosexual transmission. Data from 98 couples consisting of long-term
female partners of male index cases from the CPS, and 55 long-term female partners
of male index cases from the CDC study are considered. All partnerships considered
satisfy the eligibility criteria outlined in Section 2, and by self-report, are monogamous
(on the part of both partner and index case for the CDC study, and at least on the part
of the partners for the CPS).

Partnerships in the CPS were recruited by self-referral, and by referrals from physi-
cians, research studies, and local departments of public health. Index cases in this study
were infected from a variety of sources, including blood transfusions, IV drug use and
bisexual contacts. Dates of infection for the index cases are unknown, or are known
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only to lie within a broad time interval. These dates of infection were estimated based
on interview data, chronological time of enrollment and knowledge of the epidemic
curve of HIV infections in California. Because these partnerships are long-term, it can
be assumed that contacts began before the index case was infected (see Figure 1b for
an illustration). For 10 index cases infected via blood transfusions, infections were
assumed to occur on January 1, 1980. For 48 index cases infected through bisexual
contact, infections were assumed to occur on January 1, 1982. For 24 index cases in-
fected through IV drug use or through heterosexual contact, infections were assumed
to occur on January 1, 1984. Sixteen index cases with no identified source of infection
risk were also assumed to be infected on January 1, 1984. These dates were chosen to
represent the left endpoint of the interval within which index cases were most likely
to have been infected, based on the factors cited above. Several other schemes for as-
signment of index case infection dates were experimented with and did not influence
the results reported here substantially. Finally, contact counts were calculated from
reported contact ratesµ according to interview information relative to the period of the
partnership after the assumed date of infection of the index case.

Partnerships in the CDC study were recruited by identifying an AIDS diagnosis in
the index case. Index cases in this study were all infected from blood transfusions.
Thus, times of infections are known fairly accurately, and contact rates and counts can
be calculated based on the actual duration of exposure. The median age of partners in
the CPS and CDC study is 37 and 54 respectively.
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A. California Partner’s Study

B. CDC Study

Figure 7 .  Observed contact rates (y-axes) plotted against duration of exposure (x-axes) for
two partner studies. Partnerships with infected and uninfected partners are denoted by the
symbols "+" and "-" respectively. The plotted lines refer to locally weighted regression
smooths of the observed points for infected partners (solid lines) and unifected partners
(dashed lines).

Figure 7 displays observed contact rates (µ) plotted against durations of exposure
(t) for the CPS and CDC data. The lines plotted in the figure represent the approximate
mean contact rate expressed as a function of the duration of exposure. (These lines
are locally weighted regression fits of the data [22].) Separate lines are shown for
partnerships with infected partners and those with uninfected partners. Because of the
retrospective nature of the sampling, we would expect that in a representative sample
the mean contact rate would not change systematically with exposure duration. This
translates to no apparent trends in the lines displayed in Figure 7. Although no strong
trends are evident for either study, infected partners in the CPS report (on the average)
slightly higher rates of contact than uninfected partners for almost all durations of
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exposure. Conversely, in the CDC data, partnerships with infected partners report (on
the average) lower contact rates than those with uninfected partners. Also, the range of
contact rates reported in the CPS is much larger, possibly due in part to the relatively
larger number of younger partners.

Table 1 presents a breakdown of the CPS exposure data by observed serostatus
y and the estimated number of contactsk = µ� t, grouped into six intervals. This
presentation emphasizes the structure of the data needed to fit the constant infectivity
model (6).

Table 1.  HIV seroprevalence from the California Partners’ Study grouped by
estmated numbers of contacts.

              Number of contacts (µ X t)
Serostatus  ____________________________________________________________
of partner 2-30 31-135 136-347 347-541 542-876 877-4355
______________________________________________________________________
Seropositive (%)   2 (40) 2 (13)  2 (11)   4 (20)   5 (26)     7 (35)
Seronegative   3 13 17 16 14   13
______________________________________________________________________
Totals   5 15 19 20 19   20

Table 2 displays results of fitting the constant infectivity model (6), the parametric
alternative (9), and the semiparametric time dependent infectivity models (5) and (10)
to data from both the CPS and CDC study. Goodness of fit of models in the table
is assessed by examining changes in the deviance (related to the numerical value of
the negative log-likelihood at its maximum for each model [5]) across models. The
infectivity estimates obtained from the intercept terms in model (6) were 0.0004 and
0.0016 for the CPS and CDC data, respectively. These results are in the range of
many published infectivity estimates. As discussed in Section 3.3.1, the goodness of
fit of the constant model can be assessed by fitting the parametric alternative (9). This
model provides a clear improvement over the constant model for both studies, and
the attenuation from unity apparent in the estimated regression coefficientsγ̂ raises
the possibility of time dependence in transmission risk, heterogeneity of infectivity,
measurement error in exposure information or selection bias. The test of overdispersion
described in Section 4.1 and Appendix A results in significantp values (at the 0.05
level) for both studies, indicating the possible presence of uncontrolled heterogeneity.
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Table 2.  Results from fitting transmission models (5), (6), (9) and (10) to data
from two partner studies.

Change in
 Study Fitted Model  Deviance   deviance   γ  p (fit) p (overdispersion)

CPS constant (6)  114.60   −  1.00      − 0.02♦

parametric (9)   102.72      11.88∗  0.23   0.001    
time dep. (5)   100.37      14.23∗  1.00   0.08◊  
time dep. (10)   94.55      5.82♠  0.40   0.02

___________________________________________________________________________

CDC constant (6) 52.95   −  1.00      − 0.004♦

parametric (9)  35.47      17.48∗ − 0.31   <0.001    
time dep. (5)  49.41      3.54∗  1.00   0.3◊  
time dep. (10)  32.83      16.58♠  −0.37   <0.001

___________________________________________________________________________
∗ change in deviance from the constant infectivity model (6) 

♠ change in deviance from the time dependent  infectivity model (5) 

♦ approximate p values, obtained from score test for overdispersion described in Appendix A.

◊  approximate p values comparing fit of time dependent model (5) to the constant model (6), obtained

from a simulation test based on 200 replications.

The improvement in fit of the semiparametric time dependent model (5) over the
constant model was assessed using a simulation test based on 200 replications (de-
scribed in [2]). For the CPS, this model shows a modest improvement in fit over the
constant model. For the CDC study, this is not the case. However, model (10), which
generalizes (5) by allowing the value of the coefficientγ to differ from one, fits sig-
nificantly better than (5) for both datasets. The estimatesγ̂ from these models display
attenuation to a similar degree as in model (10), indicating that even when possible time
dependence is accounted for, factors such as heterogeneity of infectivity, measurement
error in exposure information and selection bias may be present. As shown in Section
4, these factors may all lead to apparent time dependence in transmission risk where
none exists.

The negative estimate ofγ in models (9) and (10) for the CDC data seems to in-
dicate a decrease in cumulative transmission risk with increasing duration of exposure
and frequency of contact. This seemingly paradoxical result has led some investigators
to suggest that transmission probability may not depend on exposure [23], or that trans-
mission risk may fail to increase with increasing numbers of exposed contacts [11]. As
shown in Section 4, some forms of biased selection of partnerships and/or heterogene-
ity of infectivity may also lead to this conclusion. Because only partnerships with index
cases developing AIDS in the recruitment interval were enrolled into this study, the se-
lection was biased to include index cases who progressed to AIDS faster than average.
In fact, the median incubation time for this sample is 2.6 years. This time is consid-
erably shorter than the median of approximately ten years reported from many other
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sources [24]. If shorter incubation is related to likelihood of virus transmission, then
this selection process combined with apparent heterogeneity could lead to the negative
estimates in Table 2.

Figure 8 displays the fit of the constant infectivity model (6) to the California Part-
ners’ Study data. The empirical complementary log-log transformed values of the
grouped proportions of seropositive partners in Table 2 are shown for reference. The
fit of model (9) is also shown. Clearly, (6) fits poorly for small numbers of contacts,
while (9) provides a better overall fit. This observation is confirmed by the results in
the Table 2. Note that the results in Section 4 indicate that infectivity estimates (based
on the intercepts in the figure) from either of these models may be biased by the factors
discussed above.
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Figure 8 .  Fitted lines from the constant infectivity model (6)  (solid line) and the
alternative parametric model (9)  (dashed line) for the California Partners’ Study data.
Plotted points refer to the complementary log-log transformed proportions of infected
partners from Table 2.

Figure 9 displays estimated cumulative infectivities and infectivities from fitting
model (5) to the data from the CPS and CDC studies. Infectivity estimates were ob-
tained from the log cumulative infectivities in (5) by differencing and smoothing. The
results are remarkably similar from both studies, with apparent increases soon immedi-
ately after index case infection, and rapid decreases following approximately two years
of exposure. As discussed in Section 4, these decreases are consistent with the hypoth-
esis of neglected heterogeneity of infectivity. (Recall that evidence of heterogeneity
was found for both studies in the results reported above.) Therefore, both the scale and
shape of the estimates in Figure 9 must be called into question.
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Figure 9.  Cumulative infectivity (top) and infectivity (bottom) functions estimated by fitting
model (5) to data from the  CDC study (dashed line) and the California Partners’ Study
(CPS, solid line), plotted against length of exposure following time of index case infection .

6 Conclusions

The intent of this Chapter has been to provide a framework for statistical interpreta-
tion of data from partner studies of sexual transmission of HIV. The methods presented
emphasize evaluating the plausibility of the assumption of constant infectivity, and at-
tributing departures from this assumption to the influence of several factors, including
time variation of infectivity, partnership heterogeneity in infectivity not accounted for
by measured covariates, systematic and random measurement error in exposure vari-
ables and biased recruitment of partnerships. The influences of these factors are not
unique to partner studies, and may operate in any investigation of HIV transmission.
However, because of the retrospective nature of the data in most partner studies, the
biases resulting from these factors may be particularly severe.



28 Statistical Analysis of HIV Transmission Data

Although the results indicate that data from retrospective partner studies can fre-
quently not be used to obtain accurate estimates of infectivity and transmission proba-
bilities, several conditions are given which can guide interpretation of observed effects
of risk factors from these studies. In general, heterogeneity, selection bias and measure-
ment error in exposure data all can result inattenuationof the measured effects of risk
factors from their true values. This attenuation is rarely extreme enough to change the
sign of estimated regression coefficients. Thus, although the magnitude of the effect of
a covariate cannot be accurately estimated when these sources of bias are operating, the
direction of the effect will in general be estimated correctly. This means that partner
studies can still yield valuable data on risk factors for HIV transmission. However, in
extreme cases of bias, no reliable inferences can be drawn from such data, and observed
effects of risk factors can differ in both sign and magnitude from their true values. One
situation in which this may occur is when selection probabilities for enrollment dif-
fer for partnerships with infected and uninfected partners, and in addition, depend on
other variables used in statistical analyses such as measures of exposure duration or
intensity. Another example is provided by studies in which index case infection times
are known only to lie in a broad interval, inducing systematic measurement error in
estimated exposure duration and intensity. In this case, if the distribution of index case
infection times depends on other variables considered in an analyses (analogous toon-
set confoundingin prevalent cohort studies of HIV progression), estimated regression
coefficients can differ in sign from their true values and misleading inferences may
result.

The methods developed have been applied to data from two recent partner studies of
heterosexual HIV transmission. Infectivity estimates from these studies are remarkably
similar, and indicate possible time variation in infectivity with time following index
case infection. However, diagnostic results also indicate that substantial partnership
heterogeneity in infectivity may be present in data from both studies, which may lead
to bias in shape and scale of the estimates. Previous analyses of the data from the CDC
study have interpreted the lack of fit of the constant infectivity model as evidence for
the hypothesis that transmission probability does not depend on exposure [11, 23, 25].
The results presented here indicate that the biased nature of the sample of index cases
recruited into this study, as well as possible heterogeneity of infectivity noted by other
authors [26] provide equally plausible explanations.

A number of important topics were not addressed in this chapter. Although bias in
parameter estimates from a variety of sources is discussed, bias in corresponding vari-
ance estimates is not treated. Understanding of this is necessary for a complete picture
of how inferences are affected by the sources of bias investigated here. In addition,
the results focus on partner studies of transmission in monogamous relationships with
known index cases. Understanding how exposure and other factors influence trans-
mission risk in situations where the source of infection is unknown, or where multiple
sources of infection is a possibility is much more difficult. Magder and Brookmeyer
[27] present an approach to analyzing data from partner studies where the index case is
unknown. Finally, the applicability of the results to sexually transmitted diseases other
than HIV is not discussed. Because similar difficulties arise in studying transmission of
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other sexually transmitted diseases, it is likely that many of the results reported here are
relevant in design and analysis in studies of other diseases as well. In addition, since
most of the results are based on the retrospective orcurrent statusnature of partner
study data, they should apply to other studies based on this observation scheme.
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A Investigating the impact of heterogeneity

A.1 Impact on estimates of infectivity and covariate effects

AssumeV is a random variable representing a failure time, with conditional hazard
functionh(vjw) = wh(v), wherew is the observed value of an absolutely continuous
nonnegative random variableW with unit expectation ,distribution functionK(�), and
densityk(w). This is a case of the random hazard model introduced in Section 3.1.3.
Following Hougaard [14] and Lancaster ([16], Chapter 4), the marginal survival func-
tion forV can be written

S(v) =
Z ∞

0
exp

�
�

Z v

0
wh(x)dx

�
dK(w) = L(M(v)) ; (18)

the Laplace transform of the random variableW with respect to the integrated hazard
functionM(v) =

R v
0 h(x)dx. The hazard function associated with this survival function

can be written

h(v) =�
d
dv

log S(v) =
L0(M(v))
L(M(v))

d
dv

M(v)

= h(v)
L0(M(v))
L(M(v))

= h(v)E[W jV � v] ;

(19)

The last equality follows from the fact that

L0(M(v))
L(M(v))

=

Z ∞

0
w

�
expf�

R v
0 wh(x)dxgk(w)
L(M(v))

�
dw ; (20)

where the bracketed term represents the conditional distribution ofW given thatV � v.
Substituting the hazard functionµλ(v) into (19) and (20) forh(v) verifies equation (12).
From (19),

d
dv

logh(v) =
d
dv

log h(v)+
d
dv

log E[W jV � v] :

Using the identity for E[W jV � v] in (20), the last term in the preceding equation can
be shown to be strictly negative, i.e.

d
dv

log E[W jV � v] =�h(v)
Var[W jV � v]
E[W jV � v]

: (21)

With the substitutionh(v) = µλ(v), this verifies equation (13).
Next, the impact of heterogeneity on covariate effects is considered. Assume that

the ”true” model is of the form defined at the beginning of this appendix, with condi-
tional hazard functionwh(�)exp(γz), with W defined as above,z the observed value of a
fixed covariateZ and regression coefficientγ (usually assumed to be one forz= logµ).
As in Section 3.1.3, assume thatW is independent ofZ. The appropriate survival
function to use whenW is unobservable is then given by (18). If the heterogeneity in-
troduced byW is ignored, and the proportional hazards model assumed to apply, then
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the fitted regression coefficientγ? can be expressed as a function of the true survival
function (and hence as a function of the true regression coefficientγ) as follows:

γ? =
d
dz

log h(v j z) :

The function defined in this equation can be computed from (19) using a calculation
similar to that leading to (21) (see [16]):

γ? = γ+
d
dz

logE[W jV � v]

= γ
�

1�M(v j z)
Var[W jV � v]
E[W jV � v]

�
;

(22)

whereM(v j z) =
R v

0 h(x)exp(γz)dx. This result has two implications for interpreting
models fitted to data with unobserved heterogeneity: (i) as a result of the heterogeneity
introduced byW, the marginal distribution of the data is no longer of the proportional
hazards form; and (ii) the fitted regression coefficient will be attenuated from (but will
have the same sign as) the true value, with the attenuation given by the multiplicative
factor in (22).

Implicit in the results of the previous paragraph is the assumption that the distri-
butionk(w) of the mixing variableW does not depend on the covariateZ (see Section
3.1.3). If this is not the case, then a calculation similar to that leading to (22), but based
on the conditional distribution ofW givenz (i.e. using the densityk(w j z)), can be used
to show that the estimated coefficientγ? equals the expression given in (22), plus the
additive term given below:

R ∞
0 S(v j w;z)k0(w j z)dwR ∞
0 S(v jw;z)k(w j z)dw

�
E[W jV � v;z]

1�E[W jV � v;z]

�
;

whereS(v jw;z) refers to the conditional survival function (with hazard functionh(v)wexp(γz)),
andk0 denotes the derivative of the conditional density ofW with respect toz. The sign
of this term depends on properties of the conditional density function, and on the mag-
nitude of E[W jV � v;z] (recall that E[W] = 1). For certain choices of these factorsγ?
may differ in both sign and magnitude fromγ.

A.2 A score test to detect heterogeneity

Following a proposal made by Cox [15], consider an approximation to the marginal
survival functionS(v) ( defined in (18)), obtained by expanding the conditional survival
functionS(v jW) = exp[�WM(v)] in a second order Taylor series about the mean of
the mixing random variableW (assumed to be one):

S(v jW)� exp[�M(v)]
n

1�M(v)(W�1)+ [M(v)(W�1)]2
�

2
o
:
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Taking expectations with respect toW yields

S(v)� exp[�M(v)]

�
1+

σ2

2
[M(v)]2

�
; (23)

whereε = σ2=2, andσ2 represents the variance ofW. The right hand side of this
equation still defines a survival function [16]. If the integrated hazard functionM(v)
is given a parametric form (e.g. constant hazard), this expression can be used as the
basis for a score test of the hypothesisH : σ2 = 0 of no heterogeneity. Recalling the
binomial form of the likelihood introduced in Section 3.2, standard results from likeli-
hood theory [28], lead to the score statisticU2

�
Ve. The components of this statistic are

defined below, whereL denotes the logarithm of the likelihood function (8) based on
the marginal survival function (23),F(v) = 1�S(v), and the integrated hazard function
M(v) = λv:

U =

�
∂
∂ε

L(λ;ε)
�

λ=λ̂ ;ε=0
=

n

∑
i=1

 
yi �F(vi)

F(vi)
�
1�F(vi)

�
!

∂F(vi)

∂ε
;

and Vε = ιεε �
ιελ

2

ιλλ
:

Here,ιεε, ιελ andιλλ are elements of the expected information matrix evaluated at the
maximum likelihood estimatêλ obtained under the null hypothesis of no heterogeneity.
These functions are defined individually as follows:

ιee=

"
n

∑
i=1

�
∂F(vi)

�
∂ε
�2

F(vi)
�
1�F(vi)

�
#

λ=λ̂ ;ε=0

; ιeλ =

"
n

∑
i=1

�
∂F(vi)

�
∂ε
��

∂F(vi)
�

∂λ
�

F(vi)
�
1�F(vi)

�
#

λ=λ̂ ;ε=0

;

ιλλ =

"
n

∑
i=1

�
∂F(vi)

�
∂λ
�2

F(vi)
�
1�F(vi)

�
#

λ=λ̂ ;ε=0

:

Based on standard results from likelihood theory [28], the statisticU2
�
Ve follows a

χ2 distribution with one degree of freedom. The development above can be easily
generalized to account for more than one parameter in the integrated hazard function
M(v).
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B Evaluating the impact of selection bias

Let W be a random variable representing selection of a partnership into a sample:

W =

(
1 ifpartnership isselected

0 otherwise:

Recall thatY denotes the binary response observed on each partner. Lett denote the ob-
served length of exposure andz be a vector of observed covariates (which may include
the log contact rate logµ), define

π1(t;z) = pr(W = 1 j Y = 1; t;z);and

π0(t;z) = pr(W = 1 j Y = 0; t; z) ;

the selection probabilities conditional on the observed value of the response, exposure
time and the covariates. Then a standard probability argument for binary responses
based on retrospectively sampled data [5] leads to the following expression for the
response probability for the sampled observations:

pr(Y = 1 jW = 1;t;z) =
pr(Y = 1 j t;z)

pr(Y = 1 j t;z)+
π0(t;z)
π1(t;z)

pr(Y = 0 j t;z)

Recalling definition (2) from Section 3.1.2, and settingπ0(t;z) =α(t;z)π1(t;z), this can
be re-expressed as

1�S�(t j z) =
1�S(t j z)

1�S(t j z)+α(t;z)S(t j z)
;

whereS�(t j z) denotes the survival function for the sampled data. Suppressing the
dependence onz, the associated hazard function can be written as

h�(t) = h(t)

�
1

1�S(t)[1�α(t)]

�
�

α0(t)
α(t)

�
1�S(t)

1�S(t)[1�α(t)]

�
: (24)

For the case of equal selection probabilities (α(t) � 1) the hazard functionh�(t) for
the observed data and the true hazard are identical. Forα(t) � α, indicating no time
dependence in the selection process, the second term above drops out leaving

h�(t) = h(t)

�
1

1�S(t)(1�α)

�
: (25)

At t = 0, h�(0) = h(0)=α. Thus, when the selection probability for an infected part-
ner (Y = 1) is greater(less) than that for a uninfected partner(Y = 0), the hazard for
the observed data is initially distorted to appear greater(less) than the true hazard. Ast
increases,h�(t) approaches the true hazard. For the extreme caseα(t)' 0, correspond-
ing to selection probabilities for infected partners being uniformly much greater than
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for uninfected partners, the observed hazard is approximately equal toh(t)=[1�S(t)],
which is infinite fort = 0, and decreases toh(t) ast increases.

To examine the impact of selection bias on regression coefficient estimates, assume
that a single covariatezmodifies the true baseline hazardh(t) via a proportional hazards
assumption, so thath(t j z) = h(t)exp(βz). Let β� denote the regression coefficient
obtained from fitting (5) to the data (i.e. proportional hazards is incorrectly assumed to
hold). The relationship betweenβ� andβ is obtained from the expression

β� =
d
dz

log h�(t j z)

which is a complicated function ofβ. Denote this function byQ(β). First , assume
α(t;z) = α. In this case, using (25), and expanding the right-hand side of the previous
equation in a first order Taylor series aboutβ = 0 gives the result thatβ� �= βQ0(0),
where

Q0(0) =

�
∂

∂β
Q(β)

�
β=0

=
S(t)(1�α)[1+h(t)] + α

S(t)(1�α)+α
; (26)

andS(t) denotes the true baseline survival function (i.eS(t j 0)). Substituting in the
chosen form forS(t), h(t) andα, this equation can be used to compute the approximate
multiplicative bias in regression coefficients from models fitted to data subject to the
form of selection bias described above (see Figure 5 for an example). Note that for
α 2 [0;1], corresponding to attenuation in the estimated value ofβ, Q0(0) > 0 in (26).
Thus, although selection bias may attenuate the estimatedβ� from the true valueβ, the
sign ofβ� will match that ofβ.

For the more general case, in whichα(t;z) is allowed to depend ont and/orz, the
attenuation factor can be calculated similarly (using (24)), leading to a complicated
expression forβ� of the form:

β� �Q(0) + βQ0(0) : (27)

Here,Q(0) andQ0(0) both may depend ont, z and properties ofS(t). In this case,β�

andβ may actually differ in sign. As an illustration, assumeα(t;z) = exp(ηz). Then
(25) applies, withα replaced by exp(ηz), and bothQ(0) and Q0(0) in (27) depend
on z through exp(ηz). Assumez takes on only the values zero and one. Atz= 0,
calculations show that to first order

β� = β�ηS(t) ;

thus the sign ofβ� may be different from that ofβ, depending on the direction and
degree of selection effect as determined byη.
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C Measurement error in exposure data

Recalling definitions introduced in Section 4.3.1, letT denote the presumed duration of
exposure, measured from chronological timeA to recruitment at timeB= A+T. Let
g(� j t) be the conditional density of the chronological timeI of index case infection
given that this time is known to lie in the interval[A;A+T]. For convenience, assume
that A � 0, which is the same as assuming that exposure began simultaneously for
all partnerships in a sample (e.g.A could correspond to January 1, 1978). Then, the
probability that a partner is observed to be infection-free following an exposure of
presumed length not greater thanT (defined in equation (17)) is given by

S�(t j z) =
Z t

0
S(t�s j z)g(s j t)ds

=
Z t

0
exp

�
�
Z t�s

0
λ(u)eβzdu

�
g(s j t)ds ;

(28)

whereg(s j t) = g(s)=G(t), zdenotes the observed value of a covariate (e.g. the contact
rateµ) andβ is the associated regression coefficient. Given that the chronological time
of index case infection iss, S(t�s j z) represents the true probability of observing a
partner to be infection-free following the actual duration of exposuret� s. Thus (28)
represents the probability of the partner remaining infection-free when the duration of
exposure and the time of index case infection (corresponding to the initiation of expo-
sure ) are known only to lie in the interval[0; t]. As discussed in Section 4.3.1, this
probability can be regarded as a survival function for the random variableV� which
measures time to partner infection on the incorrect time scale measured from the as-
sumed beginning of exposure atA= 0. Suppressing the dependence ofS�(t j z) on the
covariatez, the the hazard function corresponding toS� is defined below:

h�(t) = �
d
dt

log S�(t) =
R t

0 f (t�s)g(s j t)dsR t
0 S(t�s)g(s j t)ds

� g(t j t)

�
1�S�(t)

S�(t)

�
:

(29)

In the case where the true hazard is constant (h(t) = λ) the first term in (29) reduces to
λ, and

h�(t) = λ�g(t j t)

�
1�S�(t)

S�(t)

�
: (30)

Equation (30) shows that if the true hazard is constant, the observed hazard will appear
to vary with exposure duration and will be smaller than the true hazard. The nature
of this variation is governed by properties of the conditional distributiong(t j t) of the
time of index case infectionI given the assumed duration of exposuret. If the mass
of the distributionG is concentrated on one time point, then it follows from (30) that
h�(t) = λ. In addition, it can be shown from (30) that, for non-zero and finite values
of t, h�(t) � h(t). For example, if the random variableI is uniformly distributed over
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[0; t],

h�(t) = λ �
λ�F(t)=t

F(t)
;

whereF(t) = 1�e�λt . This approachesλ=2 in the limit ast decreases to zero, and
decreases to zero ast increases to infinity. Thus the hazard function is systematically
underestimated (and the survival function systematically overestimated) when the ex-
posure duration is measured with error. The behavior ofh�(t) when the underlying
hazardh(t) is non-constant is more complex. Special cases can be examined by substi-
tuting the chosen form ofh(t) into (29).

The relationship between the covariatez and the probabilityS�(t j z) in (28) is
clearly not of the proportional hazards form. If proportional hazards is mistakenly
assumed to hold, and a model of the form (11) is fit when (28) actually applies, the
estimated coefficient can be obtained from the relation below:

β� = log[� log S�(t j z+1)]� log[� log S�(t j z)] :

This equation expresses the estimateβ� as a function of the true regression coefficient
β in (28). It follows from (28) that ifβ = 0 thenβ� = 0 as well. To investigate the
magnitude ofβ� for non-zero values ofβ, recall the approach taken in Appendix B,
and denote the function in the above equation byQ(β). Expanding the right-hand side
of the previous equation in a first order Taylor series aboutβ = 0 gives the result that
β� �Q(0)+βQ0(0), whereQ(0) = 0,

Q0(0) =

R t
0 S(t�s) log S(t�s)g(s j t)ds�R t

0 S(t�s)g(s j t)ds
�

log
�R t

0 S(t�s)g(s j t)ds
� ; (31)

andS(t�s) = S(t�s j 0). Thus,Q0(0) gives the approximate multiplicative bias in the
coefficientβ�. LettingΨ = S(t�s), the numerator in (31) can be written E[Ψ log Ψ],
where the expectation is taken with respect to the conditional distribution of the un-
known infection timeI given the presumed duration of exposuret. The function
�Ψ log Ψ is concave over[0;1], so Jensen’s inequality for conditional expectations
implies that E[�Ψ log Ψ] � (EΨ)(�ElogΨ). A second application of Jensen’s in-
equality to the concave function� logΨ shows that E[�Ψ log Ψ] ��(EΨ)(log EΨ).
It follows that, jβ�j � jβj, with equality holding only if the mass of the conditional
infection distributiong(s j t) falls on one time point (corresponding to all index cases
becoming infected at the same time within the presumed exposure interval). In the
special case where this distribution is uniform (i.e.g(s j t) = 1=t) and the underlying
infectivity λ is assumed to be constant, the attenuation factor (31) can be easily calcu-
lated. It can be shown that even for relatively large values ofλ andt the attenuation
will be quite small. For example, assume model (6) holds (i.e. the true value of the
regression coefficient associated with logµ is unity) withλ = 0:01, and model (9) is fit.
Then the observed value ofγ will be no less than 0.9, even for extremely long exposure
intervals.

When the distributionG of chronological time of index case infection depends onz
as well ast, the relationship between the regression parameterβ� from fitting (28) and
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the true regression coefficientβ is more complicated. In this case, the approximation
β� �Q(0)+βQ0(0) developed in the previous paragraph can be used to show thatβ�

can be larger, smaller or of different sign thanβ. To illustrate this, consider the special
case whereZ is a binary covariate taking on the values 0 or 1. Replacing the conditional
densityg(s j t) in (28) withg(s j t; z),

Q(0) = log

�
log

R t
0 S(t�s)g(s j t;1)ds

log
R t

0 S(t�s)g(s j t;0)ds

�
:

This term is zero when the distribution of index case infection times among partner-
ships withz= 1 is the same as those withz= 0 (i.e. wheng(s j t; 1) = g(s j t; 0)), and
ranges between positive and negative infinity otherwise. The termQ0(0) is unchanged
from (31). Although approximate, these results indicate thatβ� can differ in both sign
and magnitude fromβ.


